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We compute the chiral symmetries of the Lagrangian for conﬁning “vector-like” gauge theories with
massless fermions in d-dimensional Minkowski space and, under a few reasonable assumptions,
determine the form of the quadratic fermion condensates which arise through spontaneous breaking
of these symmetries. We ﬁnd that for each type (complex, real, or pseudoreal) of representation of the
gauge group carried by the fermions, the chiral symmetries of the Lagrangian, as well as the residual
symmetries after dynamical breaking, exactly follow the pattern of Bott periodicity as the dimension
changes. The consequences of this for the topological features of the low-energy effective theory are
considered.
© 2012 Elsevier B.V. Open access under CC BY license.1. Introduction
Spontaneous breaking of chiral symmetry is a central non-
perturbative feature of QCD. It not only explains the large effec-
tive mass of quarks bound within hadrons, but also allows one to
understand pions as Goldstone bosons of this broken symmetry.
Given the importance of chiral symmetry breaking in QCD, we will
investigate this phenomenon in a wider class of theories — namely,
conﬁning vector-like gauge theories in Minkowski space of arbi-
trary dimension d — in an attempt to obtain a broader perspective
on the nature of chiral symmetry breaking. (What we mean by a
“vector-like” theory for d odd will be made clear below.) For d > 4
certain aspects of these models1 may be relevant to higher dimen-
sional extensions of the Standard Model, while some models with
d < 4 might be relevant in condensed matter physics.
Various results are known for d 4. In 3+1 dimensions, Peskin
[1,2] and Preskill [3] have worked out the patterns of spontaneous
chiral symmetry breaking (for an arbitrary gauge group G and an
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1 Although gauge theories in d > 4 are not perturbatively renormalizable, we may
consider such models as effective theories arising from an appropriate UV comple-
tion. However, since these gauge theories are naively free in the infrared, we assume
the presence of additional degrees of freedom (or other dynamical modiﬁcations)
which conspire to render the theory conﬁning, but which do not otherwise play a
role in determining the patterns of chiral symmetry breaking. More robustly, similar
chiral symmetry breaking patterns will be obtained for any strongly coupled vector-
like ﬁeld theory of massless fermions (in any dimension) transforming irreducibly
under an internal symmetry group G , and for which an appropriate G-invariant con-
densate forms. Using gauge symmetries simply makes our analysis more concrete.0370-2693 © 2012 Elsevier B.V.
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Open access under CC BY license.arbitrary representation of G carried by the fermions) under cer-
tain assumptions. Different patterns of “chiral” symmetry breaking
have been found in 2 + 1 dimensions for fermions in a complex
representation of any gauge group [4–7], in the fundamental (pseu-
doreal) representation in an SU(2) gauge theory [8–10], and in the
adjoint (real) representation in an SU(Nc) gauge theory [9–11].
Our analysis is consistent with the aforementioned results and
goes well beyond them. Under reasonable assumptions, we not
only determine the form of the relevant condensates generated
by dynamical breaking for arbitrary d and G , but ﬁnd that for
each type (complex, real, or pseudoreal) of representation of G
carried by the fermions, the chiral symmetries of the massless La-
grangian, as well as the residual symmetries after dynamical break-
ing, exactly follow the pattern of Bott periodicity as the dimension
changes. The consequences of this for the topological features of
the low-energy effective theory of the Goldstone boson degrees of
freedom are considered, including an analysis of the interpretation
of baryons as topological solitons.
2. Chiral symmetries of the Lagrangian
We consider a conﬁning gauge theory in d-dimensional Min-
kowski space with compact gauge group G , where the gauge ﬁelds
are coupled to N ﬂavors of massless fermions which all transform
under a single irreducible unitary representation r of G . We de-
note the fermion ﬁelds by ψ i,a , where i = 1, . . . ,N is the ﬂavor
index and a = 1, . . . ,dim r is the “color” index. The spinor index is
suppressed.
When d is even, we take each ψ i,a to be a Dirac spinor. Here
ψ i,a decomposes uniquely into left-handed (ψ i,a) and right-handedL
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ducible representations of the group Spin(1,d− 1). When d is odd,
however, there is only a single irreducible representation (up to
equivalence) of Spin(1,d − 1); i.e. a single type of Weyl spinor.
Hence, in order for there to be “left-handed” and “right-handed”
spinors (and therefore a notion of chirality), we must consider each
ψ i,a to consist of two copies of this unique Weyl spinor, where
the parity transformation is deﬁned such that the “left-handed”
and “right-handed” spinors are interchanged [4,5,12]. As a conse-
quence, when d is odd we may alternatively think of the theory as
having 2N identical “Weyl ﬂavors”. In what follows, we will sup-
press ﬂavor and color indices, and simply denote the fermion ﬁelds
by ψ .
A gauge theory (in any dimension) will be called vector-like if
it has the fermion content just described, and a Lagrangian which
treats “left-handed” and “right-handed” spinors democratically. In
particular, we take the Lagrangian density to be
L= ψ¯/Dψ + Tr Fμν Fμν, (1)
where /D = iγ μ(∂μ+ igtcr Acμ), with g the coupling constant, γ μ the
appropriate Dirac matrices,2 ψ¯ = ψ†γ 0, and tcr the generators
of the Lie algebra of G in the representation associated with r.
We also take the fermion ﬁelds to be Grassmann-valued.
We deﬁne the chiral symmetries to be the global symmetries of
L which can be represented as real linear transformations3 Z act-
ing on the indices of ψ such that Z commutes with all gauge
and spinor transformations.4 This deﬁnition reproduces the stan-
dard notion of chiral symmetry for vector-like theories in 3 + 1
dimensions [1]. The reason we consider real linear transformations
(and not just the linear ones) is that these are more natural when
ψ is not in a complex representation of Spin(1,d − 1) × G . For
example, when ψ carries a representation ρ in which the group
elements are all represented by real matrices, the real and imagi-
nary parts of ψ do not mix under ρ; hence, these can be thought
of as independent ﬁelds. However, the natural transformations on
the carrier space of ρ which allow the real and imaginary parts
of ψ to transform independently are not linear, but merely real
linear. For such a ρ , one could alternatively compute the chiral
symmetries by restricting the fermion content so that ψ is real
[11]; however this trick does not work when the representation is
pseudoreal. By considering real linear transformations (and com-
plex ψ ), we are able to treat the real, pseudoreal, and complex
cases all on the same footing.5
The chiral symmetries of L will depend on the representations
of G and Spin(1,d−1) under which ψ transforms. There is a well-
known classiﬁcation of irreducible representations which will be
useful here. A representation ρ0 of a group G0 is called real (re-
spectively, pseudoreal) if there exists an antilinear operator J on
the carrier space of ρ0 which is equivariant with respect to ρ0
2 Without loss of generality, we take each of our spinor representations to arise
from a representation of the d-dimensional Clifford algebra in which γ 0 is Hermi-
tian and γ a is anti-Hermitian for all a ∈ {1,2, . . . ,d − 1}.
3 A map Z on a complex vector space V is called a real linear transformation if
Z(αv + βw) = αZ(v) + β Z(w) for all α,β ∈R and v,w ∈ V .
4 Our analysis will not address any anomalous breaking of these symmetries, al-
though we will brieﬂy return to this issue at the end of Section 4.
5 Note that our deﬁnition of chiral symmetry can be applied to a theory with any
fermion content, even one without a notion of chirality such as a conﬁning gauge
theory with d odd and an odd number of Weyl ﬂavors. However, in this particular
example we would ﬁnd that (under reasonable assumptions) the dynamically gen-
erated fermion condensates would not break these ﬂavor symmetries. This is why,
for d odd, we have taken the theory to be vector-like in the above sense. For d even,
on the other hand, results similar to those below can be obtained for many theories
which are not vector-like.(i.e. [ J ,ρ0(g)] = 0 for all g ∈ G0) and also satisﬁes J2 = I (re-
spectively, J2 = −I), where I is the identity operator. (Such a J
is unique up to a phase.) If ρ0 is neither real nor pseudoreal it is
called complex. If ρ0 is irreducible, then it falls into exactly one
of these three categories. Given a representation ρ1 of some other
group G1, we can form the outer tensor product representation
ρ0 ⊗ ρ1 of G0 × G1. Now assume ρ0 and ρ1 (and hence ρ0 ⊗ ρ1)
are irreducible. Then, if either ρ0 or ρ1 is complex, ρ0 ⊗ ρ1 will
be as well. If, instead, ρ0 and ρ1 are either both real or both pseu-
doreal, ρ0 ⊗ ρ1 will be real. In all other cases, ρ0 ⊗ ρ1 will be
pseudoreal. For a more detailed discussion see [13].
2.1. Symmetries of L for d odd
For d odd, we have that the irreducible representation of
Spin(1,d − 1) (which we denote by s) is real for d = 1,3 (mod 8)
and pseudoreal for d = 5,7 (mod 8). In the cases in which r
(i.e. the irreducible representation of the gauge group G) is
also real or pseudoreal, the product representation ρ ≡ s ⊗ r of
Spin(1,d − 1) × G is either real or pseudoreal. As such, there ex-
ists the antilinear equivariant map J on the carrier space of ρ
described above. Additionally, Schur’s lemma guarantees that the
scalars are the only linear maps which commute with ρ(g) for all
g ∈ Spin(1,d − 1) × G . By extending ρ to include the trivial rep-
resentation on “ﬂavor” space,6 we have that the most general real
linear transformation commuting with ρ is an operator of the form
X+Y J , where J has been extended to act on “ﬂavor” space simply
as complex conjugation,7 and X, Y are (standard) linear operators
which act non-trivially only on “ﬂavor” space.
One can show that L remains invariant under the transforma-
tion ψ → (X + Y J )ψ if and only if
X†γ 0/DX − (Y J )†γ 0/D(Y J ) = γ 0/D (2)
and
X†γ 0/D(Y J )K = (X†γ 0/D(Y J )K )T , (3)
where K denotes the complex conjugation operator on the carrier
space of ρ (in some basis). The conditions (2) and (3) above are
equivalent to
X†X + Y T Y ∗ = I and X†Y = ∓Y T X∗, (4)
where the signs correspond to J2 = ±I . The expressions in (4) can
be obtained by using that J anticommutes with γ 0/D (which fol-
lows from the fact that J is equivariant with respect to ρ) and8
J † = ∓ J , where the signs are associated with the cases J2 = ±I .
When ρ is real (respectively, pseudoreal), it follows directly from
(4) that the chiral symmetry transformations form a group isomor-
phic to O (4N) (Sp(2N), respectively).9
6 Recall that when d is odd, we may consider our theory as having a “Weyl ﬂavor”
index running from 1 to 2N . In what follows (for d odd), “ﬂavor” space will refer
to the 2N-dimensional complex vector space CN ⊗ C2 associated with this Weyl
index. Note that parity operates on “ﬂavor” space as I ⊗ σ1.
7 Extending J (which acts on the carrier space of s ⊗ r) results in an operator
of the form J ⊗ K , where K acts on the “ﬂavor” space CN ⊗C2. While K = I may
seem the natural choice, the tensor product of an antilinear operator with a linear
operator is not well-deﬁned [13]. We choose K to be complex conjugation since it
is the simplest choice for which J ⊗ K is the appropriate equivariant antilinear map
associated with the extended ρ; however, any antilinear K satisfying K 2 = I would
give equivalent results.
8 If ψ were c-number (rather than Grassmann) valued, we would have that
J † = ± J .
9 We use the convention that Sp(n) is the subgroup of U (2n) which commutes
with
(
0 −I )
, where I is the n× n identity matrix.
I 0
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equivariant antilinear map exists, so any chiral symmetry transfor-
mation must be a (standard) linear operator X which acts non-
trivially only on “ﬂavor” space. It can easily be seen that the trans-
formation ψ → Xψ preserves L if and only if X is unitary. Thus,
when the overall representation is complex, the chiral symmetry
group is given by U (2N).
2.2. Symmetries of L for d even
We denote the left-handed (right-handed) spinor representa-
tion by sL (sR ). For d = 2,6 (mod 8), sL and sR are either both
real or both pseudoreal. In such cases, ψL and ψR transform in-
dependently under chiral symmetry transformations, regardless of
whether r is real, pseudoreal or complex. When r is either real or
pseudoreal, the product representations ρL ≡ sL ⊗r and ρR ≡ sR ⊗r
are either both real or both pseudoreal, so that there exists two
equivariant antilinear maps J L and J R acting on the carrier spaces
of ρL and ρR , respectively. Both J L and J R square to ±I and are
unique up to a phase; however, no such maps exist when r is com-
plex. In any case, ψL (ψR ) transforms according to the representa-
tion ρL (ρR ), hereafter extended to act trivially on ﬂavor space.
As such, when r is either real or pseudoreal, any chiral symmetry
transformation must be of the form (XL + YL J L) ⊕ (XR + YR J R),
where J L ( J R ) is extended to act as complex conjugation on ﬂa-
vor space, and where XL and YL (XR and YR ) are (standard) linear
operators which act on ψL (ψR ) and are non-trivial only on ﬂavor
space. When r is complex, the chiral symmetry transformations
can only be of the form XL ⊕ XR .
Requiring L to be invariant under the transformations above,
we obtain constraints similar to the odd dimensional cases, only
now for both ψL and ψR independently. Hence, for d = 2,6
(mod 8), when ρL and ρR are both pseudoreal the chiral symme-
try group of L is given by Sp(N) × Sp(N), while when ρL and ρR
are both real the chiral symmetry group is O (2N) × O (2N). When
r is complex, the chiral symmetry group is U (N) × U (N).
For the cases in which d = 4,8 (mod 8), both sL and sR are
complex. When r is also complex, the reasoning is identical to that
above for the d = 2,6 (mod 8) cases with a complex representation
of G — in such cases the chiral symmetry group is again given
by U (N) × U (N). When r is either real or pseudoreal, denote by
J˜ the charge conjugation operator restricted to the carrier space
of ρR . J˜ is then an antilinear map which intertwines ρL with ρR
(i.e. ρL(g) J˜ = J˜ρR(g) for all g ∈ Spin(1,d − 1) × G) and acts as
complex conjugation on ﬂavor space. Using this, one can show that
chiral symmetry transformations (in the Weyl basis) must all be of
the form
(
X1 Y1 J˜
Y2 J˜−1 X2
)
, where X1, X2, Y1, and Y2 are (standard)
linear operators which act non-trivially only on ﬂavor space. Such
a transformation leaves L invariant if and only if
X†1X1 + Y T2 Y ∗2 = I, X†2X2 + Y T1 Y ∗1 = I,
X†1Y1 + Y T2 X∗2 = 0. (5)
One can then show that the set of transformations which satisfy
the above constraints form a group isomorphic to U (2N).
3. Spontaneous breaking of chiral symmetry
3.1. Assumptions
Since we are considering conﬁning gauge theories, we expect
fermion condensates to be generated dynamically, signaling the
spontaneous breaking of the chiral symmetries of L. That is, in any
such gauge theory we expect some operators (constructed fromfermion ﬁelds) which are not chirally invariant to acquire non-
zero vacuum expectation values (VEVs). Since we do not know the
precise form of these operators, we make the following plausible
assumptions (à la Peskin [1,2]):
1) Lorentz and gauge invariance: We assume that the vacuum is
invariant under Spin(1,d − 1) × G . This allows us, without loss of
generality, to take any fermion condensate to transform trivially
under Spin(1,d − 1) × G .
2) Mass terms: We assume that the residual symmetry of the
theory after dynamical breaking can be determined from a single
non-chirally invariant Hermitian operator (not necessarily unique)
which acquires a non-zero VEV, and which is a quadratic form
in ψ constructed from either a bilinear form (linear in both argu-
ments) or a Hermitian form (linear in one argument and conjugate
linear in the other) on the carrier space of ρ . (Moreover, we as-
sume that such an operator depends on space–time coordinates
only through ψ .) We hereafter refer to any such operator as a mass
term, since the non-zero VEV signals that (at least) some of the
fermion ﬂavors acquire a dynamically generated mass.
3) Flavor democracy: We assume that all of the fermion ﬂavors
acquire a mass; i.e. any mass term originates from a nondegen-
erate form. In d = 4, Coleman and Witten [14] show that this
is the case (given the above assumptions) in the large Nc limit
for G = SU(Nc) when r is the fundamental representation. They
also indicate that the argument is extendable to the gauge groups
SO(Nc) and Sp(Nc). We assume that their result further extends to
any d, G and r. (For a discussion of the d = 3 case, see [15].) How-
ever, even given a situation in which not all fermions acquire mass,
we could simply ignore the sector which remained massless; the
remaining fermion ﬁelds would then satisfy this assumption.
4) Parity invariance: In d = 4, the Vafa–Witten theorem [16,17]
shows that any mass term is parity invariant. It has also been ar-
gued that the same is true for a complex representation of G in
d = 3 [6,7]. We assume that any mass term is parity invariant for
all d, G , and r; however, this is only necessary for our analysis
when d is odd.
In what follows, by a candidate operator we will mean a Hermi-
tian operator invariant under Spin(1,d−1)×G and parity which is
a nondegenerate quadratic form in ψ (and depends on space–time
coordinates only through ψ ). Clearly, by 1–4 above, any mass term
is a candidate operator; however, we will need one further condi-
tion to determine those candidate operators which have the same
residual symmetry as any mass term (i.e. which have the residual
symmetry of the gauge theory).
5) Minimal breaking: We assume that any mass term has the
maximum residual symmetry among candidate operators.10 For
d = 4, this result was shown to hold for any G and r for fermions
with a non-zero bare mass [19], and it is plausible that it continues
to hold in the limit of massless fermions. For the speciﬁc exam-
ple of massless fermions carrying the fundamental representation
of G = SU(Nc), SO(Nc), or Sp(Nc) in the large Nc limit, Coleman
and Witten [14] have demonstrated that the pattern of minimal
breaking is indeed followed. Their argument extends to all other
even dimensional cases with G = SU(Nc), as well as to the d = 4,8
(mod 8) cases with G = SO(Nc) or Sp(Nc). Although the techniques
employed by Coleman and Witten do not extend to other cases, we
expect that the pattern of minimal symmetry breaking is followed
in complete generality.
10 One may worry that the set of residual symmetry groups of the candidate op-
erators at a given d and r does not have a maximal element under inclusion, but
this worry turns out to be unfounded. (We have actually determined the residual
symmetry groups for all candidate operators. The results will appear in [18].)
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we note that when we discuss the spontaneous breaking of chi-
ral symmetries of L, we necessarily exclude the d = 1 and d = 2
cases since the Coleman–Mermin–Wagner theorem [20] shows
that there can be no spontaneous breaking of a continuous global
symmetry for quantum ﬁeld theories in d  2 dimensions. Thus,
when we refer to d = 1,2 (mod 8) in the context of symmetry
breaking, we implicitly mean for the speciﬁc cases d = 1,2 to be
ignored. Moreover, for d  3 one may expect there to be a critical
number of ﬂavors N0 (which depends on G and r) beyond which
the theory will no longer be conﬁning and no fermion condensate
will form. (For a discussion of the well-known d = 4 case, see [21].
For d = 3, see [6,7].) Since we only consider conﬁning theories, we
implicitly assume that N  N0 in what follows.
3.2. Candidate operators
We ﬁrst construct all the candidate operators; these depend on
both d and r. In order to account for the d dependence, we will
apply Shaw’s classiﬁcation system [22] to the irreducible spinor
representations. For those unfamiliar, we give a brief account of
Shaw’s taxonomy.
For any ﬁnite-dimensional representation ρ0 of a group G0 on
a complex vector space V , we may naturally construct three ad-
ditional representations. These are the conjugate representation
(ρ¯0), the contragredient (or transpose) representation (ρˆ0), and the
contragredient of the conjugate representation ( ˆ¯ρ0). Shaw’s classi-
ﬁcation is based upon whether or not any of these four representa-
tions are equivalent, as well as the properties of certain antilinear
operators and/or nondegenerate forms associated with such equiv-
alences. In the following, when two representations ρ1 and ρ2 are
equivalent we will write ρ1 	 ρ2.
An irreducible representation ρ0 is said to be class 0 if none
of the four representations above are equivalent to each other,
in which case there is no invariant form or equivariant antilin-
ear isomorphism on V . If both ρ0 	 ρˆ0 and ρ¯0 	 ˆ¯ρ0 (and these
are the only equivalences), then ρ is class I. In this case there is
a unique (up to a scalar) invariant bilinear form B on V . If B is
symmetric (antisymmetric) then ρ0 is in subclass I+ (I−). Contin-
uing to the next possibility, if the only equivalences are ρ0 	 ˆ¯ρ0
and ρˆ0 	 ρ¯0, then ρ0 is class II and there exists a unique (up to a
scalar) invariant Hermitian form on V . The next case is when the
only equivalences are ρ0 	 ρ¯0 and ρˆ0 	 ˆ¯ρ0; here ρ0 is said to be
class III, and there exists a unique (up to a phase) antilinear auto-
morphism J on V which commutes with ρ0(g) for all g ∈ G0. If
J2 = I ( J2 = −I), then ρ0 is in subclass III+ (III−). The ﬁnal possi-
bility is when all four representations are equivalent, and hence all
three structures exist (the Hermitian/bilinear form as well as the
antilinear isomorphism) and are related. In this case ρ0 is class IV,
which divides into subclasses IVαβ , where α,β ∈ {+,−} and α is
determined by J and β by B in the obvious way. Any irreducible
ρ0 is associated with exactly one of the Shaw classes discussed
above.
Shaw’s system is a reﬁnement of the classiﬁcation of irreducible
representations as real, pseudoreal, or complex. Classes 0, I and II
are complex, while III+ , IV+β are real, and III− , IV−β are pseudo-
real. When G0 is a compact Lie group, one can say more. In this
case ρ0 is equivalent to a unitary representation, and hence there
is always an invariant Hermitian form on V . From this we see im-
mediately that ρ0 must be class II or IV, and with a little more
work one can show that if ρ is class IV, then it must be in the
subclass IV++ or IV−− . Hence ρ0 is class II if and only if it is com-
plex, and ρ0 is in the subclass IV++ (IV−−) if and only if it is real
(pseudoreal). Since Spin(1,d − 1) is not compact, there are moreTable 1
Classiﬁcation of the irreducible representations (IRs) of the group Spin(1,d − 1). In
the “type of IR” column, R denotes a real representation, H denotes a pseudoreal
representation, and C denotes a complex representation. The column “#IR” gives
the number of inequivalent IRs.
d mod 8 type of IR Shaw class #IR
1 R IV++ 1
2 R III+ 2
3 R IV+− 1
4 C I− 2
5 H IV−− 1
6 H III− 2
7 H IV−+ 1
8 C I+ 2
possibilities for the Shaw classes of its representations. We have
computed the Shaw subclasses for all of the irreducible spinor rep-
resentations, and the results are collected in Table 1.
We now return to the construction of the candidate operators.
In what follows, we explicitly discuss only the cases in which d
is odd and r is either real or pseudoreal. (The other cases can be
treated similarly.) In each of the odd dimensional cases we see
that the Shaw class of s is IV. As such, whenever r is either real
or pseudoreal, there exists both a unique11 nondegenerate invari-
ant bilinear form and a unique nondegenerate invariant Hermitian
form associated with ρ , as well as an invertible equivariant anti-
linear map J on the carrier space of ρ [22].
It is easy to see that γ 0 is associated with a nondegenerate
Hermitian form on the spinor space, and since s is irreducible,
this form is unique. Additionally, since r is an irreducible uni-
tary representation, the unique invariant Hermitian form on color
space is simply the standard inner product. Since ρ is trivial on
“ﬂavor” space, the most general candidate operator which is a Her-
mitian form on the full representation space is given by ψ†γ 0Fψ ,
where F is a linear operator which acts trivially on spinor and
color spaces and is such that F † = F and F−1 exists, as required
by the Hermiticity and non-degeneracy of candidate operators, re-
spectively. Also, recalling that F is an operator on the “ﬂavor”
space CN ⊗ C2, we note that the assumption of parity invariance
requires that {F , I ⊗ σ1} = 0.
We can construct an invariant bilinear form from the Hermitian
form and the map J above. Namely, the most general candidate
operator which is a bilinear form is given by ( Jψ)†γ 0Fψ + h.c.,
where F acts non-trivially only on “ﬂavor” space and can be taken
to satisfy12 F = ±F T , where the ± signs depend on both d and
r as in Table 2. (Similar to the Hermitian case, parity invariance
requires that {F , I ⊗σ1} = 0, while non-degeneracy requires that F
be invertible.)
A similar analysis can be performed for all d and r. The results
are summarized in Table 2.
3.3. Symmetry breaking patterns
We now impose the assumption of minimal breaking to obtain
the residual symmetries. In what follows, we explicitly discuss only
the cases in which d = 3,7 (mod 8) and r is either real or pseu-
doreal. Here both bilinear and Hermitian forms exist, and one can
show they give the same maximal residual symmetry; therefore
we will restrict our discussion to the Hermitian form. In this case,
11 For clarity, we will treat the Hermitian/bilinear forms, as well as the antilinear
maps, as unique in the following discussion, even though (as mentioned above)
they are only unique up to scalar multiples. None of our results will depend on the
choice of these scalars.
12 For a quadratic form ψ T Xψ on Grassmann objects ψ , only the antisymmetric
part of X contributes.
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The chiral symmetry group of L and the residual symmetry for each space–time dimension d (mod 8) in the cases in which the irreducible represen-
tation (IR) of the gauge group G carried by the fermions is complex, real, and pseudoreal.
d IR of G =C IR of G =R IR of G =H
1 U (2N) −→ U (N) × U (N) O (4N) −→ U (2N) Sp(2N) −→ U (2N)
2 U (N) × U (N) −→ U (N) O (2N) × O (2N) −→ O (2N) Sp(N) × Sp(N) −→ Sp(N)
3 U (2N) −→ U (N) × U (N) O (4N) −→ O (2N) × O (2N) Sp(2N) −→ Sp(N) × Sp(N)
4 U (N) × U (N) −→ U (N) U (2N) −→ O (2N) U (2N) −→ Sp(N)
5 U (2N) −→ U (N) × U (N) Sp(2N) −→ U (2N) O (4N) −→ U (2N)
6 U (N) × U (N) −→ U (N) Sp(N) × Sp(N) −→ Sp(N) O (2N) × O (2N) −→ O (2N)
7 U (2N) −→ U (N) × U (N) Sp(2N) −→ Sp(N) × Sp(N) O (4N) −→ O (2N) × O (2N)
8 U (N) × U (N) −→ U (N) U (2N) −→ Sp(N) U (2N) −→ O (2N)Table 2
All possible candidate operators for various d and r. The ﬁrst column gives the
space–time dimension d, and the type of the representation r. The second shows
the form of an allowed candidate operator for that case, while the third shows any
constraints that must be satisﬁed. (Here γ 0 is shown in the Weyl basis.) Note that
in all cases F (as well as Fi ) acts non-trivially only on the appropriate ﬂavor space,
and F−1 exists. (For the ﬁnal row, rewriting the mass term as ψ†Q ψ , we have that
Q −1 exists.)
d (type of r) candidate operators F , γ satisﬁes
odd (C,R,H) ψ†γ 0 Fψ {F , I ⊗σ1} = 0
and F = F †
1,7 mod 8 (R)
or 3,5 mod 8 (H)
( Jψ)†γ 0 Fψ + h.c. {F , I ⊗σ1} = 0
and F T = −F
1,7 mod 8 (H)
or 3,5 mod 8 (R)
( Jψ)†γ 0 Fψ + h.c. {F , I ⊗σ1} = 0
and F T = F
even (C,R,H) ψ†Lγ FψR + h.c. γ 0 =
(
0 γ
γ † 0
)
2,6 mod 8 (R,H) ( J LψL)†γ FψR + h.c. γ 0 =
(
0 γ
γ † 0
)
4,8 mod 8 (R,H) ψ†L ( J˜γ
† F1ψL + γ F2ψR )
+ψ†R J˜−1γ F3ψR + h.c.
γ 0 =
(
0 γ
γ † 0
)
we have from Table 2 that the most general candidate operator is
given by ψ†γ 0Fψ . A chiral symmetry transformation X + Y J of L
preserves this operator if and only if
X = F X F−1 and Y = F Y (F ∗)−1. (6)
Using {F , I⊗σ1} = 0, as well as the Hermiticity of F , one can show
that for X and Y to satisfy the constraints in (6) they must be
block diagonal.13 Moreover, one can easily see that for F = I ⊗ σ3
all block diagonal X and Y satisfy (6), and so this F will give the
largest residual symmetry (and therefore the same residual sym-
metry as any mass term). Hence, when ρ is real, the residual
symmetry group is isomorphic to O (2N)× O (2N); similarly, when
ρ is pseudoreal, we obtain Sp(N)× Sp(N). Thus, in the former case
the symmetry breaking pattern is O (4N) → O (2N)× O (2N), while
in the latter case we have Sp(2N) → Sp(N) × Sp(N).
A similar analysis can be performed for all d and r, and the
results are summarized in Table 3. The candidate operators which
yield the maximal residual symmetry are not unique; below we
provide one choice for each d and r (using the notation of Table 2).
For any odd d, the maximal residual symmetry is obtained for the
Hermitian form with F = I ⊗ σ3. For d = 2,6 mod 8 and any type
of representation of G , as well as d = 4,8 mod 8 and a complex
representation of G , the maximal residual symmetry is obtained
for the Hermitian form with F = I . For the cases d = 4 mod 8
with r pseudoreal and d = 8 mod 8 with r real, taking F1 = F3 = I
and F3 = 0 yields the maximal residual symmetry. Finally, when
d = 4 mod 8 with r real or when d = 8 mod 8 with r pseudoreal,
13 Where we use the basis in which I ⊗ σ1 =
(
0 I
)
.I 0the maximal residual symmetry is obtained for F1 = F3 = 0 and
F2 = i I .
4. Bott periodicity and the low-energy effective theory
4.1. Conﬁguration space topology
Now that we know the pattern of chiral symmetry breaking
in our gauge theories, we can investigate the low-energy effec-
tive theory for the associated Goldstone boson degrees of free-
dom. This effective theory is a nonlinear sigma model whose ﬁelds
map the space–time Rd into the coset space Gˆ/H , where Gˆ is
the chiral symmetry group of L, and H the residual symmetry
group after dynamical breaking. The classical conﬁguration space of
the model is the set of all ﬁnite-energy ﬁxed-time ﬁelds, each of
which can be viewed as a (continuous) map from the (d − 1)-
sphere Sd−1 to Gˆ/H , where the spatial manifold Rd−1 has been
one-point compactiﬁed to Sd−1 by the ﬁnite energy condition.
We also assume that the “point at inﬁnity” on Sd−1 always maps
to a ﬁxed point on Gˆ/H , independent of the ﬁeld conﬁguration.14
(The constant map from Sd−1 to this point represents the unique
vacuum conﬁguration.) Let us denote this conﬁguration space by
Map∗(Sd−1, Gˆ/H), which we endow with the compact-open topol-
ogy.15
Denote by MN,λd (with λ = R,C or H) the above coset space
for our d-dimensional gauge theory with N ﬂavors of massless
fermions in a representation of the gauge group of type λ. (For ex-
ample, MN,R5 = Sp(2N)/U (2N).) From Table 3, we clearly have that
MN,Cd = MN,Cd+2,
MN,λd = MN,λd+8 for λ =R,H,
MN,Rd = MN,Hd+4 .
In this context, the Bott periodicity theorem [23] can be taken as a
statement relating the homotopy type16 of these coset spaces as
N → ∞. More speciﬁcally,
ΩM∞,C2d+1 	 M∞,C2d , ΩM∞,C2d 	 Z× M∞,C2d−1,
ΩM∞,Rd 	 M∞,Rd−1 (d = 0,4 mod 8),
ΩM∞,Rd 	 Z× M∞,Rd−1 (d = 0,4 mod 8),
14 Any path between two ﬁeld conﬁgurations which map the point at inﬁnity to
distinct points in Gˆ/H will have inﬁnite action.
15 Restricting ourselves to the subspace of differentiable (or even smooth) maps in
Map∗ would not change any of our results below.
16 Recall that two topological spaces X and Y are said to be homotopically equiva-
lent (or to have the same homotopy type) if there exist continuous maps f : X → Y
and g : Y → X such that the composites g ◦ f and f ◦ g are homotopic to the
identity maps on X and Y , respectively. In particular, the map f (or g) induces iso-
morphisms between the homotopy groups of X and those of Y in any dimension.
The (co)homology groups of X and Y are similarly isomorphic.
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cal space X , “	” denotes homotopy equivalence, and Z represents
the integers.
Now the conﬁguration space of the d-dimensional gauge theory
associated with MN,λd is Q
N,λ
d = Map∗(Sd−1,MN,λd ) 	 Ωd−1MN,λd
(the (d − 1)-fold iterated loop space). The statement of the peri-
odicity theorem above then gives, for any d, that
Q ∞,Cd 	 Z× M∞,C1 = Z×
(
U/(U × U ))	 ΩU ,
Q ∞,Rd 	 M∞,R1 = O/U 	 ΩO ,
Q ∞,Hd 	 M∞,H1 = Sp/U 	 ΩSp
where O , U , and S P are the direct limits (as n → ∞) of O (n),
U (n) and Sp(n) respectively. So even though the pattern of chiral
symmetries and their breaking varies as d changes, Bott periodicity
shows us that, for ﬁxed λ, the homotopy type of the conﬁguration
space of the low-energy effective theory is independent of d as the
number of massless fermion ﬂavors tends to inﬁnity.
4.2. Baryons as topological solitons
It is well known that the low-dimensional homotopy and
(co)homology groups of Q N,λd have direct physical relevance. For
example, π0(Q
N,λ
d ) counts the distinct path-components of Q
N,λ
d .
Hence, if π0(Q
N,λ
d ) is non-trivial, then there are ﬁelds that can-
not be continuously deformed into the vacuum conﬁguration (the
constant ﬁeld). These different path-components represent super-
selection sectors in the associated quantum theories, and their
existence suggests that the model may possess topological soli-
tons — that is, particle-like solutions of the classical equations of
motion which cannot be deformed into the vacuum. (Whether or
not such solutions exist, and whether they are dynamically sta-
ble, will depend on the details of the effective Lagrangian for
the sigma model.) Upon quantization, these classical solitons give
rise to particle-like quantum states with a conserved “topological
charge” labeled by the elements of π0(Q
N,λ
d ).
From the above characterization of the homotopy type of Q ∞,λd
(and standard results in algebraic topology) we have π0(Q
∞,C
d ) =
π1(U ) = Z, π0(Q ∞,Rd ) = π1(O ) = Z2, and π0(Q ∞,Hd ) = π1(Sp) ={e} (the trivial group). This is consistent with the expectation that
baryons in our gauge theories should show up in the low-energy
effective theory as topological solitons (at least at large enough N),
with the associated baryon number being the conserved topolog-
ical charge (as happens in d = 4) [24]. For concreteness, let us
choose our gauge groups to be SU(Nc), SO(Nc), and Sp(Nc) for
λ = C,R, and H, respectively (with Nc  3 for λ = C,R), and let
each fermion ﬂavor transform as the fundamental representation
(we will call these fermions “quarks” in what follows). For λ = C
and R, color singlet “baryons” can be made from Nc quarks, and
“anti-baryons” from Nc anti-quarks. For λ = C these two possi-
bilities are distinct and stable, corresponding to baryon number
B = +1 and B = −1, respectively. This allows us to construct states
with any integer baryon number B , and B will be conserved. (Com-
pare to π0(Q
∞,C
d ) = Z.) For λ =R there is no distinction between
quark and anti-quark (since here r 	 r¯), and hence no distinction
between baryon and anti-baryon. Any B = 2 state can now decay
into Nc mesons, so that baryon number will only be conserved
mod 2 [24]. (π0(Q
∞,R
d ) = Z2.) Finally, for λ =H there is again no
distinction between quark and anti-quark, but now there are no
baryons at all since any candidate B = 1 state (which here contains
2Nc quarks) can decay into Nc mesons. Thus, there is no conserved
baryonic quantum number [24]. (π0(Q
∞,H
) = {e}.)dProceeding to higher homotopy groups of Q ∞,λd , it is straight-
forward to show that each path component of Q ∞,λd is simply-
connected for any λ; that is, π1(Q
∞,λ
d ) = {e}. Hence, there are
no possible “θ -vacua” in these sigma models. (More precisely,
there are no non-trivial ﬂat vector bundles over Q ∞,λd .) Finally,
in any path component of Q ∞,λd we have that π2(Q
∞,λ
d ) =
H2(Q ∞,λd ;Z) = Z for any λ, showing the formal existence of cer-
tain topological terms, with quantized coeﬃcients, available for
our sigma models. (Equivalently, there exist complex line bundles
over Q ∞,λd with ﬁrst Chern class of inﬁnite order.) For d even,
these are the standard Wess–Zumino terms for the Gˆ/H sigma
models, while for d odd, they are nonlinear realizations of the
Chern–Simons term for the “hidden local symmetry group” H in
the Gˆ/H sigma model. For the concrete gauge groups and fermion
representations in the preceding paragraph (and any d), we ex-
pect that these terms will be generated in the low-energy effective
theory with a coeﬃcient proportional to Nc , which for λ = C
and R would lead to the solitons with unit topological charge
(that is, baryon number) being (spinorial) fermions for Nc odd,
and (tensorial) bosons for Nc even, in a manner similar to the
well-known situation in d = 4 [24]. More precisely, when evaluated
on a time-dependent conﬁguration which rotates a B = 1 soliton
by 2π (or exchanges two identical B = 1 solitons), this term eval-
uates to Nc π , and hence makes a contribution to the path integral
of (−1)Nc . We will provide a more detailed analysis of the baryon
number, spin, and statistics of these topological solitons in [18].17
We close this section with two comments.
(1) One may worry that by letting N → ∞ in the above anal-
ysis we have entered the non-conﬁning regime. However, many
of the computations (and physical interpretations) of the low-
dimensional homotopy groups of Q N,λd given above did not require
N → ∞. Indeed, they often hold starting at relatively small values
of N . Using N → ∞ simply allowed us to state the results more
compactly and elegantly. Moreover, for the speciﬁc examples with
G = SU(Nc) and SO(Nc) considered above, the baryons behave pre-
cisely as topological solitons only in the limit Nc → ∞ [27]. In this
limit, we expect the critical number of ﬂavors N0 to be propor-
tional to Nc . (For a discussion in 2 + 1 dimensions, see [7]. For
3 + 1 dimensions see [21].) Hence, letting N be large in this case
may still be safe for conﬁnement and chiral symmetry breaking.
(2) One may wonder if an analysis of the possible anomalous
breaking of portions of Gˆ (which we ignore here) may ruin the
nice picture that has emerged of the topological properties of the
conﬁguration space of the low-energy effective theory. However,
we do not expect this to be the case. More speciﬁcally, we suspect
that things work similarly to (3 + 1)-dimensional QCD where the
anomalous breaking of the axial U (1) subgroup of Gˆ = U (N) ×
U (N) does not lead to any change in the homotopy type of the
conﬁguration space of the associated sigma model.
We hope to say more about both of these issues in [18].
5. Conclusions
We have computed the group of chiral symmetries of the La-
grangian for conﬁning vector-like gauge theories with massless
fermions in d-dimensional Minkowski space and, under a few sim-
ple assumptions, determined the form of the relevant fermion
condensates, as well as the residual symmetries after spontaneous
breaking. These realizations of chiral symmetry follow the pattern
of Bott periodicity across dimensions. When the fermions carry a
17 A similar analysis has already been performed for (2 + 1)-dimensional QCD in
[25,26].
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riodicity 2, while for a real or pseudoreal representation of the
gauge group, the pattern has periodicity 8. Moreover, the patterns
for the real and pseudoreal cases are shifted by 4 relative to one
another. The chiral symmetries and their breaking are recounted
in Table 3. It then follows from the Bott periodicity theorem that
the homotopy type of the conﬁguration space of the low energy
effective theory (at ﬁxed gauge group representation type) is inde-
pendent of d in the large ﬂavor limit. Simple computations then
support the interpretation of baryons as topological solitons at low
energies (in those cases where there is a conserved baryon num-
ber). This extends well-known results in d = 4 to any space–time
dimension.
In conclusion, our results further exemplify the deep connection
between Bott periodicity and physical models involving spinors
across dimensions. This connection is well known in string theory,
and has also become apparent in the classiﬁcation of topological
insulators [28,29]. Chiral symmetry breaking in vector-like gauge
theories is yet another area where we can see this deep result of
pure mathematics inﬂuencing the form of physical theory.
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